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ABSTRACT

A numerical technique has been developed which
allows the use of finite element techniques to be used
for the modelling of a coupled rotor tower structure.
The method 1s based upon the fact that the equations
of motions of periodic and that the number of terms
which are time dependent are small 1n comparison to
the number of degrees of freedom. Using a wind
turbine as an example this approach allows the
equations of motion to be solved in real time in real
time and therefore enabling the finite element
approach to be readily used in the design phase.

INTRODUCTION

It is generally accepted that the fimte eclement
approach to the modelling of complex structures will
vield the most accurate results. However, for wind
turbines where the response is required to a
combination of deterministic and stochastic inputs the
duration of the simulation period often prohibits this
approach and the designer is required to find an
alternative approach which more often than not will
include a number of simplifying assumptions. The
purpose of this paper is to introduce a numerical
techmque which will aliow a conventional finite
element method to be used in a parametric approach
to the design of and analysis of measured data from a
horizontal axis wind turbine.

The paper concentrates on the numerical technigue
for improving the speed of calculation and only
mentions the loading in passing as this 15 well
documented in other papeérs on the subject [2].

EQUATIONS OF MOTION

The formulation of the equations of motion for the
wind turbine relies heavily upon the work of Lobitz
12] and [3] at Sandia Laboratories. The route
pioneered by Lobitz, starts with the formation of the
mass, damping and stiffness matrices of the rotor and
tOwer as two separdte entities. The two models are
then coupled together through the use of a time
dependent connection matrix.

The tower and rotor can be considered as separate
sub-structures represented by the following equations
of motion:

(MO +IGHU )+ KU ={F (1)

(MU +[C, + Col{U  }+1K, = S H{U )

2
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Here the subscripts refer to the tower and rotor
systems respectively. The quantities Cq and Sgq, which
are derived from rotating co-ordinate effects, are the
Coriolis and  centrifugal  softening  matrices
respectively. The stiffness matrix, Kp is comphicated
by the fact that it contains additional terms due to
centrifugal stiffening. The vectors on the mght hand
side of the eguations represent the applied forces
(acrodynamic and gravity}) and in general are
functions of the displacements {U} and their
derivatives.

Equations (1) and (2) can be combined into a single
matrix equation as follows:
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Denoting the time-dependent constraint relation which
connects the rotor to the tower as [T] then it is
convenient to use a single vector {U} to describe the
displacements of the systemn as a whole, e.g.

U
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Similar relationships can be derived for the velocities
and accelerations:
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Substituting equations (4), (5) and (6) into (3) and
using [M], {CLIK] and {F} to represent the whole
system yields:

(T {MUTHIOY+ (TT[CIT]

+2ATT ITH{U}

HTTKNT]+{TY (MIT)

HTT [CATHU} =T {F}

The vector {F} will in general be a function of time
and of the vector { U} and its derivatives.

)

Through the introduction of the time dependent
connection matrix [T] the solution of this equation
can be time conswming unless a number of
simplifications are made

SIMPLIFICATIONS

As pointed out by Lobitz [3] the connecting matrix,
[T] only modifies terms in the matrices associated
with the tower or connection nodes, and by a
judicious selection of the physical modelling at these
points certain terms in equation (7) can be simplified.
For example, if the tower connection node possesses
only lumped ranslational mass then the terms

(TT (MT), [TY IMIET]  and (TY [MI(T)

are time invariant and only need to be calculated
once. Additionally 1f the tower connection node is not
directly involved in any damping then also the term

[TY'[CUT]
becomes time invariant and the term
[TTICIT]
and vanishes. Equation (7) hence simplifies to:
[M,1{TY+[C U} + (K, ]
HTTKITIU) =TT {F}

and therefore the only term which requires to be
calculated at each ume step is

ty)

[TV (KHT)

The loading vector {F} will comprise deterministic
(wind shear, tower shadow, gravity etc.) and
stochastic (turbulence) components and therefore to
obtain a stadstically meaningful result a long
integration time is required. Unless an integration
scheme 1s used which is numerically fast and accurate
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then having a system with so many degrees of
freedom would not be a tractable approach,

For equations of motion with constant coefficients
impticit methods are unconditionally stable which
allows for the arbitrary selection of the time step
required to fully model the highest frequency of
interest. However, the equations motion here
unfortunately contain coefficients which are time
dependent and therefore unconditional stability can
not always be guaranteed. An alternative approach
would be through the use of a explicit integration
scheme such as Runge-Kutta or a predictor corrector
technique based on Gear’s backward difference
method. As the equations of motion are likely to be
stiff then the time step required to maintain stability
would be prohibitively short to aliow a stochastic
response to be analysed.

The technique which has been adopted here is based
on the Newmark-Beta implicit integration scheme [4}:

AT 4 ((1 _8)1{‘)} -1-5“’“[})& 2

“U=U+UA+((f2-a YT +a*0)a’ (10)

To avoid confusion and for the sake of brevity the
symbols of [] and {} representing matrices and
vectors have been dropped.

In addition to equations (9) and (10) the equilibrium
equation at time t+ A t also requires solution:

M0 +C* 0 + K YU =R (1)

The parameters O and O can be determined to
obtain integration accuracy and stability but are
usually selected according to the equation:

5205 «202505+8) (12)

The following additional integration constants are
also required:

U U
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At each time step the effective stiffness matrix and
load 1§ required:
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From which the displacements can be calculated:
1AL K, 1441 Utu-me (16)
and the accelerations and velocities:
:+m0=au(r+mu=ry)=a2r[']=a3rg 17y
“4O=U +a,'U +a," U (18)

Even though the application of this integration
scheme allows for the possibility of sclecting large
integration steps the time dependent coefficients
require that equation (16) be solved at each time step.
If the system had not contained time dependent
coefficients then it would have been possible to use
LU decomposition with pivoting and back-
substitution.

To avoid this problem recourse can be made to the
fact that the effective stiffness matrix is sparse and
only a small number of the matrix elements are
varyiitg with time. In this case the Woodbury formula
[5] which is a block-matrix version of the Sherman-
Morison formula can be used.

Suppose that it is possible to write the matrix o be
nverted as:

(Al = [A]+{w] ® (v} (19)

for some vectors {w} and {v}. If {w]} is a unit vector
{e;} then equation {19) adds the components of v to
the ith row. Similarly if {v} is a unit vector {e;}then
equation (19) adds the components of {w} to the jth
column. If both {w} and {v} are propottional to unit
vectors {e;} and {e;] respectively, then a term is
added only to element a;;.

The Sherman-Mormson formula gives the inverse as
follows:

([(Al+(w}® )™ =[AI"

(A w)e(itar’) @0
(1+2)
where [A] is a N by N matrix and
A = (AT (W) 21

The whole procedure requires only 3N° multiplies
whereas standard methods tequire of the order of N°
multiplies, a saving of a factor of N. The Woodbury
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formula extends the above to allow more than a single
correction term, Viz.

(A1 +WIVT) ' = (AT

i ) (22)
—([A]“‘[W}(IIH[VI‘"[A] 'w]) IVJ’[A]")

where [W] and [V] are N by P matrices, with P<N. P
is the number of correction terms. More often than not
[A]! is not explicitly kept or obtained and therefore
we may use equatdon (22) in the following manner:

(S ode i it

First solve the P auxiliary equations, noting that the
each vector {w} contains only unity at the locations to
be changed in the row in the kth column

[A]{zl} - {Wl}
[aHz}={w:}

[A]{Zk } = {Wk}

and construct the matrix [Z] by columns from the 2’s
obtained,

(23)

(24)

Z1={z }{z} (25)
Next, do the P by P matrix inversion
()= ((1+ VT (2))” 26)
Finally solve one further anxiliary problem
[A}r}={5} @7)

In terms of the above quantities, the solution is given
by

=012 T H)) @
As noted above this procedure will result in an
increase in computational speed by a factor of N.
Typically for a honizontal axis wind turbine N will in
the region of 100 to 200 depending upon Its
complexity.

LIMITATIONS

The model as currently formulated has a number of
possible limitations. The first stems from the
assumption that the two sub-structures can be coupled
together through a time dependent constraint
relationship as represented by equation (4) and as
such the origin of both co-ordinate systefns are fixed.
All deformations within the rotating system will be
relative to an origin fixed at the junction between the
two sub-structures. For a turbine which has a
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relatively stiff tower (current European designs) the
displazement of the rotor relative to its rotating origin
will be small and will not introduce any significant
effects. However, for turbines which have a flexible
support structure the technique may breakdown unless
the equations are re-cast to represent perturbations
about a dispiaced co-ordinate system origin.

To undertake this equation (8) is solved with the force
vector {F} replaced by an equivalent vector {F..}
containing only 1ts average component. The sclution
vector {U,,.} will contain the average displacement
for steady state operating conditions. To determine
the complete response overcoming the displacement
of the origin equation (8) can now be re-written as:

(M {0} +IC, U+ (X,] @)
HITKITDU = U, } =[TT{F-F,}

Gross changes in the orientation of the rotor due yaw
moton can not unfortunately be analysed using this
technique.

The second limitation arises from that in order to use
the Sherman Woodbury formaulation it is necessary to
have a system of equations in which only a smail
number of matnx elements vary with time. For a
turbine rotating at other than a constant rotational
speed the matrices [Cql, [Sq] and [Kg] will all be
functions of time. Furthermore, as shown by
Dohrmann [6] additional terms are also introduced
resulting in a revised equation of motion for the rotor
sub-structure

(M U3 +Ce + CaJUL)
+HK, =55+ Al{U,} = [FI+{F}

a

(30)
Dohrman also went on to show that
Q Q _ ;
[A] = EE[CQ]. {F}e a;{Fq} and {F,}eQ’

where {F, } 1s the static centrifugal load vector.
These equations, whilst appropriate for all rotating
structures were derived for a Darrieus wind turbine
were centrifugal stiffening and inter-modal coupling
through the Coriolis and softening terms are known to
play an 1mportant role in the dynamic behaviour. For
a variable speed horizontal axis wind turbine wherte
the fractional rate of change of the speed change is
usually less than 10% their effect is known to be small
in comparison with other modelling assumptions and
can therefore be neglected.

4

SIMULATION RESULTS

Presented in Figure 1 is block diagram showing the
major elements of the computer program called
TAR_HBAWT (transient analysis of horizontal axis
wind turbines) which embodies the technique which
has been described above. The program has recently
been used to analyse the dynamic behaviour of a
nominal 600kW variable speed wind turbine. The
major parameters for this analysis are shown in Table
1.
Table 1 Main Data

Parameter Value

Rotor Diameter 45 metres

Tower Height 50 metres

Rated Shaft Power 670kW

Rotor Speed Variable

Power Control Pitch Control
Controller PI

Structural (rotor) 144 degrees of freedom
Structural (tower) 48 degrees of freedom

A simplified finite element representation of the
model is shown in Figure 2 and Figures 3 and 4
present a simulated time history of various
parameters.

The turbine was operating in a turbulent wind field
with a mean wind speed close to rated power and it
can be observed from Figure 3(a) that the rotor speed
varies between 3.0 and 3.5 rad/sec. Above its nominal
rated power the variable speed drive applies a
constant torque (Figure 3a) and the control system
through pitching the blades (Figure 3c) attempts to
keep the rotor speed within a fixed range. At lower
wind speeds the controller changes mode and variable
speed drive applies a torque consistent with the
objective of maintaining a constant tip speed ratio.
For this particular implementation of the control
software the transition between these two modes
results in rapid changes in rotor torque and these are
clearly seen in Figures 3b and 4b.

The variation in other selected parameters such as
flapwise blade root bending moment, rotor power and
rotor thrust are shown 1n Figures 4(a,b &¢).

On a DEC Alpha Workstation the code will simulate
the response of the turbine in near real-time.
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Fipure 1 - Schematic Representation

CONCLUSIONS

A numerical technique has been presented which
allows the use of finite element techniques to be used
for the modelling of a coupled rotor tower structure.
For typical wind turbines this approach allows them to
be analysed in real time and therefore it can be readily
used in the design phase.
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Figure 4(c) Rotor Thrust
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